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Abstract
LetX and Y be compacta. A map f :X→ Y is said to satisfy Bula’s property if there exist disjoint
closed subsets F0 and F1 of X such that f (F0)= f (F1)= Y . It is well known that a surjective open
map f :X→ Y with infinite fibers satisfies Bula’s property provided Y is finite-dimensional. In
1990 Dranishnikov constructed an open surjective map of infinite-dimensional compacta with fibers
homeomorphic to a Cantor set which does not satisfy Bula’s property. We construct another type
of maps, namely, monotone open maps on n-manifolds, n > 3 with nontrivial fibers which do not
have Bula’s property. Our construction essentially applies Brown’s theorem (1958) on a continuous
decomposition of Rn \ {0} into hereditarily indecomposable continua separating between 0 and∞.
We present a relatively short proof of Brown’s theorem based on the approach of Levin (1996).
Related results are discussed. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
All spaces are assumed to be separable metrizable. By a perfect set we mean a set with
no isolated point.
We say that a map f :X→ Y satisfies Bula’s property if there exist disjoint closed
subsets F0 and F1 of X such that f (F0)= f (F1)= Y .
It is well known that if a surjective open map f :X→ Y of compacta X and Y has
infinite fibers and dimY <∞ then f has Bula’s property. For maps with perfect fibers this
result was generalized in [7].
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Theorem 1.1 (Levin and Rogers [7]). Let X and Y be compacta, let f :X→ Y be a
surjective open map with perfect fibers and let Y be a C-space. Then f has Bula’s property.
The question whether or not dimensional restrictions on Y are essential for Bula’s
property was an open problem until Dranishnikov [4] constructed an open map on an
infinite-dimensional compactum with fibers homeomorphic to a Cantor set which does not
satisfy Bula’s property. We construct another type of maps not satisfying Bula’s property.
Theorem 1.2. Let M be an n-dimensional compact manifold with n> 3. Then there exists
a surjective open monotone map on M with nontrivial fibers which does not satisfy Bula’s
property.
Theorem 1.2 essentially applies hereditarily indecomposable continua and
Theorem 1.3 (Brown [3]). There exists a continuous decomposition of Rn \ {0} into
hereditarily indecomposable continua such that each element of this decomposition is an
irreducible separator between 0 and∞ separating Rn into two components.
A relation between Bula’s property and hereditarily indecomposable continua is
studied in Section 2. Since Brown’s theorem is important for constructing continuous
decompositions of manifolds we present in Section 3 a relatively short proof of Brown’s
theorem based on the approach of [6]. Namely, we will prove the following theorem which
is more general than Theorem 1.3.
Theorem 1.4. Let F0 and F1 be disjoint non-separating continua in an n-dimensional
sphere Sn, n> 2. Then there exists an open monotone map f :Sn \ int(F0 ∪ F1)→ [0,1]
such that ∂F0 = f−1(0), ∂F1 = f−1(1) and f−1(t) is a hereditarily indecomposable
continuum for 0< t < 1.
The openness and monotoneity of f in Theorem 1.4 imply that f−1(t), 0 < t < 1 is
an irreducible separator between F0 and F1 separating Sn into two components. Note
that ∂Fi = Fi ∩ cl(Sn \ Fi) is connected as the intersection of two continua covering the
unicoherent space Sn. Also note that if n= 2 then the continua f−1(t), 0< t < 1 can be
chosen to be pseudo-circles, see Remark 4.3.
2. Bula’s property
A continuum is indecomposable if it is not the sum of two proper subcontinua. It is
hereditarily indecomposable if each of its subcontinua is indecomposable. Bing [1] showed
that hereditarily indecomposable continua exist in all dimensions.
Whitney maps provide a convenient tool for constructing monotone open maps on
hereditarily indecomposable continua. Let X be a continuum and let C(X) stand for the
space of subcontinua of X endowed with the Hausdorff metric. A mapW :C(X)→[0,∞)
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is called a Whitney map if W vanishes on the set of singletons in C(X) and if A 6= B in
C(X) and A⊂ B implies W(A) <W(B).
Whitney maps always exist: if {fn}∞n=1 is a dense sequence of functions in C(X, [0,1])
and Wn(A)= diam fn(A), Wn :C(X)→[0,1] then W =∑∞n=1Wn/2n is a Whitney map.
If X is hereditarily indecomposable, then for every 0 < t 6 W(X), W−1(t) is a
continuous decomposition of X and the corresponding quotient map is an open monotone
map with nontrivial fibers which can be made arbitrarily small by choosing t close to 0.
For more information on Whitney maps see [9].
Theorem 2.1. Let X be a hereditarily indecomposable continuum of dim > 2. Then a
surjective monotone map f :X→ Y with nontrivial sufficiently small fibers does not satisfy
Bula’s property.
Proof. Let ε be so small that each map on X with fibers of diam 6 ε has the image of
dim> 2. Let f have fibers of diam 6 ε and assume that there are disjoint closed sets F0
and F1 ⊂ X with f (F0)= f (F1) = Y . Take a map g :X→ [0,1] such that F0 ⊂ g−1(0)
and F1 ⊂ g−1(1).
Let g = gl ◦ gm be the monotone-light decomposition of g with gm :X→ Z monotone
and gl :Z→ [0,1] light. Then dimZ 6 dim[0,1] = 1. Now we will show that the fibers
of gm are of diam 6 ε. Let x ∈ X. Clearly the continuum g−1m (gm(x)) does not contain
the continuum f−1(f (x)). Since X is hereditarily indecomposable and g−1m (gm(x)) ∩
f−1(f (x)) 6= ∅ we have g−1m (gm(x))⊂ f−1(f (x)). Thus diam g−1m (gm(x))6 ε.
Then dimZ > 2 and this contradiction proves the theorem. 2
Proof of Theorem 1.2. We may assume that M is connected. Brown and Cassler [2]
showed that every compact connected n-dimensional manifold can be obtain from an n-
dimensional ball B by making an identification on the boundary ∂B . Thus there exists a
surjective map q :B→M which is a homeomorphism on B \ ∂B . Denote A0 = q(∂B). If
A0 is a singleton thenM is an n-dimensional sphere and replacingA0 by a non-degenerate
arc (or any non-degenerate cellular subcontinuum with empty interior) we may assume that
A0 is a non-degenerate continuum such that M \A0 is homemorphic to Rn and M \A0 is
dense in M .
Let A1 ⊂M \ A0 be a non-degenerate arc such that M \ (A0 ∪ A1) is homeomorphic
to Rn \ {0}. Then by Theorem 1.3 there exists an open monotone map g :M→[0,1] with
A0 = g−1(0) andA1 = g−1(1) such that g−1(t), 0< t < 1 is a non-degenerate hereditarily
indecomposable continuum.
LetW be a Whitney map forM . For n> 3, dimg−1(1/2)> 2 and hence by Theorem 2.1
there is 0< ε <W(g−1(1/2)) such that the decomposition of g−1(1/2) into subcontinua
F with W(F)= ε does not have Bula’s property.
Let a map h : [0,1] → [ε,W(M)] be such that h(1/2) = ε and h(0) = h(1) =W(M).
Define a decomposition f of M as follows:
f = {F : F ∈ C(g−1(t)), W(F)=min{h(t),W(g−1(t))}, 06 t 6 1}.
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Then f is a well-defined continuous decomposition of M , the elements of f are nontrivial
and connected and f does not have Bula’s property since this property does not hold for
f |g−1(1/2). 2
The following theorem shows that that the role of hereditarily indecomposable continua
in constructing monotone maps not having Bula’s property is not accidental.
Theorem 2.2. Let X and Y be compacta and let f :X → Y be a surjective, open,
monotone map with nontrivial fibers. If no fiber of f is hereditarily indecomposable then
f satisfies Bula’s property.
Proof. A map on a compactum is called a Bing map if every continuum which is contained
in a fiber of f is hereditarily indecomposable. It is shown in [6] (see also [5]) that every
compactum admits a Bing map to [0,1], moreover almost all maps to [0,1] are Bing maps.
Let g :X→ [0,1] be a Bing map. Then no fiber of f is contained in a fiber of g and
hence g(f−1(y)) is not a singleton for every y ∈ Y . Thus g(f−1(y))= [a, b] with a < b
and let Ly : [a, b]→ [0,1] be the linear transformation sending a to 0 and b to 1. Define
h :X→[0,1] by h(x)= Ly(g(x)) for x ∈ f−1(y), y ∈ Y .
Then h is continuous and h(f−1(y)) = [0,1] for every y ∈ Y . Set F0 = h−1(0) and
F1 = h−1(1). Clearly F0 ∩ F1 = ∅ and f (F0)= f (F1)= Y , and the theorem follows. 2
3. Continuous decompositions of Sn
Let us first present some general facts needed for proving Theorem 1.4. A compactum is
said to be a Bing compactum if its subcontinua are hereditarily indecomposable. Bing [1]
showed that a pair of disjoint closed subsets of a compactum can be separated by a closed
subset which is a Bing compactum.
Let X be a locally connected compactum and let d be a metric in X. A set of the form
{y ∈X: d(x, y)6 α} for fixed x ∈X and α > 0 is called a ball. dH stands for the Hausdorff
metric in 2X and d(A,B)= inf{d(a, b): a ∈A, b ∈B} for A,B ⊂X.
By a triple we mean a collection T = (B0,B1, β) such that Bi ⊂ X are balls with
d(B0,B1) > 2β > 0. Following [1] we say that A ⊂ X is T -crooked if there is a
neighborhood G of A such that for every ψ : [0,1] →G with ψ(0) ∈ B0 and ψ(1) ∈ B1
there exist 0< t0 < t1 < 1 such that d(ψ(t0),B1) < β and d(ψ(t1),B0) < β .
Let T = (B0,B1, β) be a triple and let A,B ⊂ X. One can easily verify the following
properties.
(i) If A is T -crooked then there exists a neighborhood A ⊂ G which is also
T -crooked.
(ii) If A is T -crooked and B ⊂A then B is also T -crooked.
(iii) If the closure of A does not intersect B0 ∪B1 then A is T -crooked.
(iv) If A and B are disjoint, closed and T -crooked then A∪B is T -crooked.
(v) If a closed subset A is T -crooked then A∪B0 ∪B1 is T -crooked.
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(vi) Let A be closed and T -crooked, let B be closed such that B ∩ (A∪B0 ∪B1)= ∅
and let l be an arc in X with endpoints a and b such that l ∩ (B0 ∪ B1) = ∅,
l ∩A= {a} and l ∩B = {b}. Then A∪ l ∪B is T -crooked.
(vii) A closed subset A is a Bing compactum if and only if A is T -crooked for every
triple T .
(viii) There exists a sequence T1, T2, . . . of triples such that for every closed A, A is a
Bing compactum if and only if A is Ti -crooked for every i .
Proof of Theorem 1.4. Let d be the metric in
Sn =
{
(x0, x1, . . . , xn):
∑
x2i = 1
}
⊂Rn+1
induced by the Euclidean metric in Rn+1.
By an (n − 1)-manifold in Sn we mean a smooth closed (n − 1)-submanifold of Sn.
A region means a closed subset of Sn whose boundary is an (n− 1)-manifold.
We recall the following facts. A connected (n−1)-manifold splits Sn into two connected
regions. Two disjoint connected (n− 1)-manifolds M0 and M1 split Sn into 3 connected
regions D0, D and D1 with disjoint connected interiors such that M0 = ∂D0, M1 = ∂D1
andM0 ∪M1 = ∂D. We will call D the region betweenM0 andM1. A closed subset of Sn
has a basis of closed neighborhoods consisting of regions which may be assumed to have
a connected boundary provided the subset is connected and non-separating. The boundary
∂A of a region A has a regular neighborhood in A which is diffeomorphic to ∂A× [0,1).
Let M0 and M1 be disjoint connected (n − 1)-manifolds in Sn. Denote by D the
connected region betweenM0 andM1. By a partition betweenM0 andM1 we mean a finite
sequence P1, . . . ,Pm of disjoint connected (n − 1)-manifolds lying in D and separating
between M0 and M1 which are indexed according to the order of separation from M0
to M1.
Let T = (B0,B1, β) be a triple for Sn with respect to d . We will prove the following
properties.
(ix) Let ε > 0. Then there is a partitionP1, . . . ,Pm betweenM0 andM1 such that for the
connected region Di between Pi and Pi+1, dH(Pi,Di) < ε and dH (Di,Pi+1) < ε
for 06 i 6m, where P0 =M0 and Pm+1 =M1.
(x) There is a partition between M0 and M1 with T -crooked elements.
(xi) If M0 and M1 are T -crooked then there is a partition P1, . . . ,Pm between M0 and
M1 such that the connected region Di between Pi and Pi+1 is T -crooked for each
06 i 6m, where P0 =M0 and Pm+1 =M1.
(ix) Let N0 ⊂D \ (M0 ∪M1) be a finite set. Take a point a ∈ N0 and connect a with a
point b of M0 by an arc l lying in D \M1 such that there is a neighborhoodG of M0 ∪ l
in D which is diffeomorphic to G′ = (M0 × [0, α))∪ (B × [0,1)) where 0< α < 1 and B
is an open subset of M0 containing b. G′ is diffeomorphic to G′′ =M0 × [0,1) and hence
there is a partition P1, . . . ,Pk between M0 and M1 such that a ∈ Pk and dH (Pi,Di) < ε
and dH (Di,Pi+1) < ε for 06 i 6 k − 1.
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Connecting the points of N0 with distinct points of M0 by disjoint arcs and carrying out
the procedure described above simultaneously for all the points of N0 we may assume that
N0 ⊂ Pk .
Take another finite set N1 lying in the interior of the region between Pk and M1
and construct a partition Pk+1, . . . ,Pm between Pk and M1 such that N1 ⊂ Pk+1
and dH (Pi,Di) < ε and dH (Di,Pi+1) < ε for k + 1 6 i 6 m. Now assuming that
dH(D,N0) < ε and dH (D,N1) < ε we get dH (Pk,Dk) < ε, dH (Pk+1,Dk) < ε and
(ix) follows.
(x) SeparateM0 andM1 by a Bing compactumA⊂D \ (M0∪M1). By (i) and (vii) take
a closed region B such that A⊂ B, B ⊂D \ (M0 ∪M1) and B is T -crooked. Then there
is a connected (n− 1)-manifold P1 ⊂ ∂B separating betweenM0 andM1, and (x) follows.
(xi) By (ix) and (x) we may assume that D is so “thin” that none of the sets B0, B1 and
Sn \ (B0 ∪B1) is contained in D. By (iv) and (v) A=M0 ∪M1 ∪ B0 ∪B1 is T -crooked.
By (i) there is a neighborhoodG of A which is T -crooked. Let B =D \G. Take a region
C contained in D \A and containing B . By (iii) C is T -crooked. If C separates between
M0 andM1 then among the (n−1)-manifolds lying in ∂C and separating betweenM0 and
M1 take those two K0 and K1 which are the nearest to M0 and M1, respectively according
to the separation order. Let C′ be the region between K0 and K1. Since B0 and B1 are not
contained in C′ ⊂D and ∂C′ ∩ (B0 ∪ B1)= ∅ we have C′ ∩ (B0 ∪ B1)= ∅ and, by (iii),
C′ is T -crooked.
Hence if we construct partitions with the properties required in (xi) for the regions Q0
and Q1 between M0 and K0, and K1 and M1, respectively, we are done. Denote C0 =
C ∩Q0 and C1 = C ∩Q1. Then Ci is a region contained in Qi \ (Mi ∪Ki) which does
not separate between Mi and Ki , and such that Qi \Ci ⊂G is T -crooked, i = 1,2. Thus
to the assumptions of (xi) we may add the following assumptions which are satisfied for
Q0 and Q1:
None of B0, B1 and Sn \ (B0 ∪B1) is contained in D, there is a region C ⊂D \ (M0 ∪
M1 ∪ B0 ∪ B1) which does not separate between M0 and M1, and such that D \ C is
T -crooked.
Let ∂C split into disjoint connected (n− 1)-manifolds ∂C =N1 ∪N2 ∪ · · · ∪Nm. Then
Ni does not separate between M0 and M1.
Let Wi be the connected region contained in D with ∂Wi = Ni . Taking the maximal
regions among W1, . . . ,Wm we may assume that W1, . . . ,Wm are pairwise disjoint.
Then W1, . . . ,Wm cover C and since neither B0 nor B1 is contained in Wi ⊂ D and
∂Wi ∩ (B0 ∪B1)= ∅ we have Wi ∩ (B0 ∪B1)= ∅.
Since Sn \ (B0 ∪ B1) is not contained in D, each Wi can be connected by an arc in
D \ (B0 ∪ B1) to either M0 or M1 and assume that W1,W2, . . . ,Wk , k 6 m are those
regions that can be connected to M0.
Changing the order of Wi ’s we may also assume that W1 can be connected to M0 by
an arc in D \ (B0 ∪ B1 ∪M1) avoiding W2, . . . ,Wm. By (i) and (ix) there is a connected
(n−1)-manifold P ⊂D which separates betweenM0 andM1 and which is so close toM0
that the region DP between M0 and P is T -crooked. Let l ⊂D \ (B0 ∪ B1 ∪M1) be an
arc with endpoints a and b connecting DP and W1 such that l ∩DP = {a}, l ∩W1 = {b}
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and l does not meet W2, . . . ,Wm. By (vi) E =DP ∪ l ∪W1 is T -crooked and hence there
is a T -crooked neighborhood V of E. Then using a pipe contained in V one can smoothly
“glue” P and ∂W1 into a connected (n− 1)-manifold P1 lying in D ∩ V and separating
between M0 and M1 such that W1 ⊂ D0 (= region between P0 =M0 and P1), D0 ⊂ V
and D0 does not meet W2, . . . ,Wm. Clearly D0 is T -crooked.
Repeating inductively the above procedure for each Wi , i 6 k and for each Wi , i > k
starting from Wm and M1 construct a partition P1, . . . ,Pk,Pk+1, . . . ,Pm such that Wi ⊂
Di−1 for 1 6 i 6 k, Wi ⊂ Di for k < i 6 m and Di is T -crooked for i = 0,1, . . . ,
k − 1, k + 1, . . . ,m. Then Dk ⊂D \C is also T -crooked and (xi) is proved.
Let Z be the set of integers. We say that a countable family P of disjoint connected
(n− 1)-manifolds is a partition between F0 and F1 if P can be arranged into a bisequence
P = {Pi : i ∈ Z} such that each Pi separates between F0 and F1, Pi ’s are indexed by the
order of separation from F0 to F1 and limi→−∞ Pi = ∂F0, limi→∞ Pi = ∂F1. For k > 0
denote by P (k)i the region between Pi and Pi+k and set P (k) = {P (k)i : i ∈ Z}. Let
σ(P)= sup{dH(Pi,P (1)i )+ dH (Pi,P (1)i−1): i ∈ Z}.
Take a sequence T1, T2, . . . of triples satisfying (viii). By (i), (ix), (x) and (xi) we
can construct a sequence P1,P2, . . . of partitions between F0 and F1 such that for each
j = 1,2, . . . the elements of P (4)j are Tj -crooked, σ(Pj ) < 1/j and P (4)j+1 refines P (2)j .
For x ∈ Sn \ (F0 ∪ F1) define
fx =
⋂
j=1,∞
st
(
x,P (2)j
)
.
Then fx is connected as the intersection of a decreasing sequence of continua. For
every j , fx is contained in some element of P (4)j and hence by (viii) fx is hereditarily
indecomposable. Clearly F = {∂F0, ∂F1, fx : x ∈ Sn \ (F0 ∪ F1)} is a decomposition of
Sn \ int(F0 ∪ F1) and we will show that F defines a map required in Theorem 1.4.
Let Pj = {Pij : i ∈ Z} and let x ∈ P (1)ij . Denote by A0 and A1 the disjoint connected
regions containing F0 and F1, respectively, such that ∂A0 = Pi−3,j and ∂A1 = Pi+3,j .
Then for t > j, st(x,P (2)t )⊂ st(x,P (2)j )⊂ intP (6)i−3,j and st(x,P (2)t ) separates between A0
and A1. Hence fx also separates between A0 and A1. Take any point a ∈ Pi−3,j . Since
dH(Pi−3,j ,Pi+3,j ) 6 6σ(Pj ) < 6/j there is b ∈ Pi+3,j such that d(a, b) < 6/j . Let l be
an arc of diam < 6/j connecting a and b in Sn. Then fx intersects l and for c ∈ fx ∩ l,
d(a, c) < 6/j . Thus, since dH (P (6)i−3,j ,Pi−3,j )6 6σ(Pj ) < 6/j and fx ⊂ P (6)i−3,j we have
dH(fx,P
(6)
i−3,j ) < 12/j .
Let x1, x2, . . . converge to x ∈ Sn \ int(F0∪F1) and let fxk→A in 2Sn . Then for every j
there is P (1)ij such that P
(1)
ij contains x and P
(1)
ij contains infinitely many xk’s. For xk ∈ P (1)ij
we have dH(fxk , fx)6 dH (fxk ,P
(6)
i−3,j )+ dH (fx,P (6)i−3,j ) < 24/j and hence fx =A.
Clearly xk → x ∈ ∂Fi implies fxk → ∂Fi . Thus F is a continuous decomposition of
Sn \ int(F0 ∪ F1) defining the required map to [0,1]. 2
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4. Remarks
Remark 4.1. Theorem 1.2 does not hold for one- and two-dimensional manifolds since
a monotone map on a 1-dimensional manifold has the image of dim6 1 and a monotone
map on a 2-dimensional manifold has the image of dim6 2, see [10].
Remark 4.2. In the items (i) and (viii) of Section 3 we have done almost all the
preparations for proving that disjoint closed subsets A0 and A1 of X can be separated
by a Bing compactum. The only missing step is to show that for every triple T = (B0,
B1, β) there is a closed separator L between A0 and A1 which is T -crooked. It can
be shown as follows. Let g1, g2 :X → [0,1] be such that g−11 (0) = A0, g−11 (1) =
A1, g
−1
2 (0) = B0, g−12 (1) = B1, and g−12 ([0,1/2)) and g−12 ((1/2,1]) are contained
in the β-neighborhoods of B0 and B1, respectively. Consider g = (g1, g2) :X→ Y =
[0,1] × [0,1] and let l be the broken line in the square Y connecting the points
(1/4,0), (1/2,3/4), (1/2,1/4) and (3/4,1). Then L = g−1(l) separates between A0 and
A1 and L is T -crooked.
Remark 4.3. It is easy to see that if Sn is a 2-dimensional sphere then in the item (ix) of
Section 3 the regions Di can be constructed to admit an ε-map to a circle. This implies
that for S2 the map f in Theorem 1.4 can be constructed such that the fibers f−1(t),
0 < t < 1 are pseudo-circles. Note that assuming that F0 and F1 are pseudo-arcs and
refining f−1(t), 0< t < 1 by a Whitney map into proper subcontinua (as it has been done
in the proof of Theorem 1.2) we obtain a continuous decomposition of S2 into pseudo-arcs,
see [8].
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